VOL. 25,NO. 8

ATAA JOURNAL

AUGUST 1987

Entrainment Effect of a Leading-Edge Vortex

N. G. Verhaagen* and A.C.H. Kruisbrink¥
Delft University of Technology, Delft, the Netherlands

An investigation into the characteristics of the flow inside a leading-edge vortex is described. The objective of
the investigation is to support the development of mathematical models for leading-edge vortex flow by measur-
ing in detail the flow properties of the conical part of a leading-edge vortex, and by comparing these results with
theory. The velocity distribution inside the core is well predicted by Stewartson and Hall’s outer solution, and
the resulting distributions of the entrainment and circulation correlate well with the measured distributions. The
effect of the inclusion of the entrainment on the computed characteristics of a slender delta wing is demonstrated

using a higher-order panel method.

Nomenclature
a =slenderness ratio rotational core, =R/x
Ag =area of grid element, m?
R = aspect ratio
b =wingspan, m
Co =root chord length, m
C(x,r) = circulation, m?2/s
I(x,r) = entrainment, m?2/s
M(x,r) =axial mass flow through rotational core, kg/s
D =static pressure
D; =total pressure
q =dynamic pressure
Q(x) =sink strength, m?/s
r =radial distance to vortex axis, m
R =radius of rotational core, m
Re =Reynolds number, =U_cy/»

s =local wing semispan, m

u,u,w =velocity components parallel and perpen-
dicular to the vortex axis, m/s

U, Uy, W =velocity components parallel and perpen-
dicular to freestream, m/s

U =axial velocity component at the edge of the
rotational core, m/s

U, = freestream velocity, m/s

v, =radial velocity component, m/s

vy =circumferential velocity component, m/s

Ve = circumferential velocity component at the
edge of the rotational core, m/s

X, Y52 = coordinates along and perpendicular to the
vortex axis, origin in wing apex, m

Xpm =distance from traversing plane to apex, m

X3V wsZw =coordinates of wing axes system, origin in
wing apex, m

YmrZm =coordinates in traversing plane, m

Y =semivertex angle, =arctan(R/x)

T'(x) =vortex strength, m2/s

& =arctan(r/x)

0 =angular coordinate

v =kinematic viscosity, m?/s

0 =density, kg/m?

w = vorticity, s~!
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Subscripts

el =grid element

oo = freestream
Introduction

HIN, slender wings with highly swept and relatively sharp

leading edges are employed for several modern aircraft.
At moderate and high angles of attack the flow separates at
the leading edge, resulting in a steady and stable so-called
leading-edge vortex flow.

Experimental investigation by Lambourne and Bryer,!
Earnshaw,? Hummel,?> Verhaagen,* and many others, have
helped in obtaining a good insight into the topology of the
leading-edge vortex flow and have formed a basis for the
derivation of physically correct computational flow models. A
recent review of computational methods for vortex flow about
slender wings has been given by Hoeijmakers.’

Presently, there are two types of computational methods for
computing the high-Reynolds-number flow about wings with
vortex flow. The first type of method is the free-vortex-sheet
method in which the vortex sheets and vortex cores are ‘“fit-
ted”’ into the potential-flow solution. These methods have
demonstrated to produce a reasonable prediction of the wing-
surface pressure distribution of slender delta wings.®® The
second type of method are those that solve Euler’s equations
for inviscid rotational flow. Here, the vortex sheets and vortex
cores are ‘‘captured”’ automatically in the finite differ-
ence/volume solution.

In literature, insufficient experimental data are available to
evaluate the computed flow characteristics. The objective of
the present investigation is to provide detailed measurements
of the flowfield of a leading-edge vortex, thus aiding in the
development of improved mathematical flow models. The in-
vestigation involved detailed five-hole probe surveys of the
vortex flowfield over a large delta-wing half model.

The present paper first gives a description of the physics of
leading-edge vortex flow and of existing mathematical models.
Theoretical expressions are derived for the entrainment and
circulation of a conical core. Subsequently, details and test
results of the present wind-tunnel investigation are given and
compared with theory. Finally, the effect of the entrainment
into the core on the computed chracteristics of a slender delta
wing is demonstrated.

Physics of Leading-Edge Vortex Flow
In Fig. 1, the well-known structure of a leading-edge vortex
is sketched, as well as the velocity and pressure distribution,
along a traverse through the vortex axis (the distributions are
diagrammatically reproduced from the present test results).
The free shear layer that emanates from the leading edge is
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characterized by a rapid change in the direction of the velocity
vector and by a reduction of the total pressure. The latter is
caused by the low-energy flow in the shear layer. Through
viscous forces, the thickness of the shear layer increases with
distance from the leading edge. During the further develop-
ment of the spiraling shear layer, the distance between the
loops becomes of the same order as the thickness of the layer,
and a region is formed, called the rotational core, where
viscous diffusion has smoothed out completely the gradients
in the velocity and pressure distribution. Inside this core,
hence, a shear layer can no longer be detected.

Inside the rotational core, the axial and circumferential
velocity components increase toward the vortex axis, while the
pressure decreases. The circumferential velocity component
has its maximum value at the edge of the subcore. Inside this
core viscous forces dominate. It is characterized by large gra-
dients of velocity and pressure. As a consequence of the low
static pressure at the vortex axis, spiraling flow is sucked into
the rotational core and converted there into axial flow. Since
the core is permanently fed with vorticity originating at the
leading edge, it will grow in size and strength with distance
from the wing apex.

Mathematical Modeling

The mathematical model of the leading-edge vortex flow
about slender delta wings used in free-vortex-sheet panel
methods®8 is depicted in Fig. 2. In this high-Reynolds-number
model, it is assumed that the boundary layer is very thin and
thus can be neglected, while the free shear layer becomes a
vortex sheet. In the model, the spiraling free vortex sheet with
an infinite number of turns represents the vortex core. To keep
computing time within limits, the outer part of the vortex
sheet is cut off at a minimum length. The remaining tightly
wound inner part of the vortex sheet is used to represent the
core. For the computational method, only the effect of the
core on the outer potential flow is of interest.

On the free vortex sheet, the vorticity vector is parallel to
the mean streamlines. This means that near the leading edge
the vorticity vector is almost parallel to the leading edge. Far-
ther downstream, the vector follows the spiraling streamline
and eventually will be directed parallel to the vortex axis in the
center of the core. The vorticity vector has a component
parallel to the vortex axis and two components in the plane
perpendicular to the vortex axis, i.e., the circumferential and
the radial component. In the computational model for the
tightly rolled-up part of the core, the axial-vorticity compo-
nent is represented by a line vortex located on the vortex axis,
the strength of this vortex being equal to the circulation
around the core. The radial component is represented by the
feeding sheet. The effect of the circumferential vorticity com-
ponent is like that of ring vortices, i.e., to generate an axial-
velocity component inside and a radial component outside the
core. The latter one, the entrainment into the core, can be in-
corporated as a line sink along the vortex axis.

Vo

Fig. 1 Traverse of velocity and pressure through the axis of a

leading-edge vortex.
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In the higher-order panel method of Ref. 7, the strength of
the line vortex as well as its position are computed as part of
the solution. The sink strength is deduced from the solution
for a slender conical vortex core given by Stewartson and
Hall.® Since the magnitude of the sink strength affects the
shape and position of the vortex sheet and vortex core, and
hence the computed characteristics of slender delta wings, the
present experimental investigation of the vortex core entrain-
ment will aid in improving the mathematical vortex-flow
model.

In the other type of computational methods, the Euler
codes, the vortex sheets and vortex cores are ‘‘captured” as
part of the solution, viz., as flow regions with distributed
spatial vorticity. The physical relevance of these rotational
flow regions, evolving during the time-dependent computa-
tional procedure, probably as a result of artificial viscosity ef-
fects, at present still is subject to some debate.’

Theoretical Relations for the Core
In the following, theoretical relations are derived for the cir-
culation and entrainment of a slender, axisymmetric, conical
rotational core. As a basis, the inviscid and incompressible
Euler solution for such a core is employed, derived earlier by
Stewartson and Hall.® The solution reads

u/U=1—oadn(r/R)

v, /U=~ (V,/U)2-o2n(r/R)
v,/U= —Yaaa(r/R) 1)
where
a=—1+V1+2(V,/U)2>0
a*=(R/x)?<1

r denotes the radius of the core cross section, and u, v,, and v,
the axial, circumferential, and radial velocity components,

vortex sheet

vortex/
sink

feeding
sheet

Fig. 3 Model of conical core.
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Fig. 5 Experimental test setup (dimensions in m).

respectively (Fig. 3). At the outer edge of the core (r=R), a,
U, and V, are specified constants. The axial and circumferen-
tial velocity components have a logarithmic singularity at the
axis of the vortex (r=0). The radial velocity component has a
negative value, suggesting a radial inflow through the
envelope of the core. This phenomenon, called entrainment,
physically is a consequence of the pressure deficit in the core.
For a circular cross section at station x, the circulation can be
written as

C(x,r) =27rv, )]

With theoretical velocity distribution [Eq. (1)], this yields, in
dimensionless form,

C(xr)

(N =) o

The vortex strength being equal to the circulation around the
rotational core (r=R) becomes

T'(x) =27RV, )

The entrainment at station x is equal to the total amount of
inflow and can, in general, be expressed as

I(x,ry=—{v-n.ds

where v is the velocity vector and n, is the vector normal to the
outer edge of the core cross section. In the present case of the
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slender axisymmetric conical core, the entrainment becomes
I(x,r)=—=2xro, ®)

With Eq. (1) this yields, in dimensionless form,

o (o).

This expression indicates that the entrainment increases with
radial distance from the vortex axis. This is due to the fact that
the amount of circumferential vorticity inside the contour in-
creases as well.

For the present experimental investigation, the measure-
ment accuracy of the axial velocity component was found to
be higher than that of the radial component. Since the radial
inflow across the core will increase the axial mass flow
through the core cross section (mass conservation law), the en-
trainment can also be determined from the rate of change with
x of the axial mass flow. Consider a slice of thickness dx (Fig.
4). The axial mass flow at station x through a cross section
with radius r can be written as

27

M(x,r)= pg SFO undndé

8=0

while the local inflow through the envelope of the core is given
by

I, (x,r)y=—rfv-ndé Q)
where 7 is the vector normal to the envelope. This inflow is a
consequence of the axial inflow, which crosses the envelope
due to the increment of its cross section with x and of the
radial inflow into the core. Equation (7) thus can be expressed
as

I, (x,r) =2xr(—v, cosé + u sind) 8)

where d=arctan{r/x).
Conservation of mass yields (Fig. 4):

M(x+dx,r) =M(x,r) + Vapll, (x,r) + I, (x+dx,r)]d]  (9)

Due to conicity, the axial mass flow can be written as

PX I (%)
2cosé "

M(x,r)=

With Eq. (8), this becomes
M(x,r)= el [ —27rv, +2wru (L> ]
2 X

Substituting Eq. (5), the following dimensionless expression
can be formulated:

Ux Ux? x) U ao

I(xr) 2 M(xr) <r )2 u
= —27
0 U

With this expression, the entrainment can be determined from
the axial velocity distribution at a station x. Substituting of the
theoretical velocity distribution given by Eq. (1) yields an ex-
pression identical to Eq. (5).

The sink strength of the core required in the computational
model is equal to the entrainment into the rotational core
(r=R) and can be expressed as

Q(x) = —2aRV,
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Using Eq. (1), this can also be written as

Q (X ) _ 2 \/hz

% wa@* [—1+~V1+2(V,/U)?] an
This form illustrates that, at least for the slender conical core,
the sink strength depends on the swirl ratio V,/U.

It should be remarked here that the expressions used in this
section for the entrainment and the sink strength are different
from the expressions used in an earlier publication.!®
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Fig. 6 Position of shear layer and vortex axis for the three traversing
planes.
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Fig. 7 Contour of core grid and probe size, traversing plane of 50%
Co.
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Experimental Setup
Wind Tunnel and Test Conditions

The investigation was carried out in the low-speed wind tunnel
of the Technical University Delft (TUD) Department of
Aerospace Engineering. The wind tunnel has an octagonal test
section 1.25 m high x 1.80 m wide, and a turbulence level of
about 0.05% at the speed of 25 m/s used in the present in-
vestigation. The Reynolds number was 3.8 X 10°, based on
model root chord length.

Model

As vortex generator, a large half-model of a unit-aspect-
ratio sharp-edged delta wing was used mounted vertically
from a reflection plate at the top of the test section (Fig. 5).
The flat-plate Duraluminium model has 0.3-mm-thick leading
and trailing edges. In order to have the leeward side flat, these
edges were chamfered on the windward side only. The model
has a root chord length of 2.22 m, a thickness of 25 mm, and a
fixed geometric angle of attack of 20.4 deg.

Probes

The total-pressure and velocity distribution of the leading-
edge vortex were measured with a non-nulling five-hole probe.
The probe has an 0.d. of 1.65 mm and a clipped conical nose
whose semivertex angle is 45 deg. Since the probe is used as
non-nulling, probe calibration is necessary. This was carried
out in a uniform parallel freestream for flow angles up to 45
deg.

Freestream pressures were measured by a pitot-static probe
installed upstream of the vortex generator on the centerline of
the test section floor.

The pressure ducts of the five-hole probe and the pitot-static
probe were connected to a scanivalve. As reference pressure
for the scanivalve, the freestream total pressure was used. The
pressure differences were recorded by a minature transducer in
conjunction with a electronic pressure indicator. To minimize
pressure lag, the scanivalve and transducer were installed close
to the probe, viz., inside the forward part of the probe-
carrying sting of the traversing mechanism (Fig. 5).

Experimental errors are due to inaccuracies in the probe
calibration, alignment, and positioning, as well as the pressure
measurements. It is estimated that these inaccuracies result in
total pressures accurate within 15% of the freestream total

° + data point
\—-shear layer ¢

Fig. 8 Contours of constant (p, —p.,)/q,,.
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pressure, and velocity components accurate within 5% of the
freestream velocity.

In regions with high gradients, e.g., the subcore and the free
shear layer, the flow differs considerably from the uniform
parallel flow condition used for the calibration. It can,
therefore, be imagined that the five-hole probe pressures
should be corrected for strong three-dimensional gradient ef-
fects. Since, to the authors’ knowledge, a proven method to
calculate these effects is not available, the present measure-
ments were not corrected in this respect.

Data registration and reduction was made using a minicom-
puter. Flow properties were plotted on line and monitored as
the measurements progressed.

Flowfield Surveys

To survey the vortex flowfield, a rigid probe-carrying
traversing mechanism installed in the diffusor of the wind tun-

nel was used (Fig. 5). The surveys were carried out in three
traversing planes, each perpendicular to the tunnel axis and in-
tersecting the model at 50, 60, and 70% c,, respectively. Dur-
ing the test, the attitude of the probe remained fixed. In order
to avoid flow angles larger than those for which the probe was

calibrated, the probe was more or less aligned with the vortex
axis.

Test Results
Conicity of Vortex Flow

The theoretical expressions derived previously for the cir-
culation and entrainment hold for the case of a conical core
only. To check the conicity of the leading-edge vortex flow in
the three traversing planes, the following was traced:

1) The vortex center, defined as the region where the total
pressure has its lowest value.
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Fig. 10 Axial vorticity distribution inside region ABCD, cross-flow
plane 50% c,.

2) The centerline of the free shear layer, defined as the curve
through the relative minima of the total pressure.

Results are given in Fig. 6 as a function of dimensionless
coordinates. For the three planes the differences are small, in-
dicating that it is justified to assume a conical vortex flow up
to at least 70% c,. The slight inboard and upward displace-
ment of the vortex may be due to trailing-edge effects and for
the present relatively large model also due to tunnel-wall

interference. .
An oil-flow investigation of the boundary layer on the

leeward side of the model showed a straight secondary-
separation line over the greatest part of the wing. The location
of the secondary-separation line depends on the status of the
boundary layer, in particular, underneath the vortex core. On
a flat-plate delta wing at 20-deg incidence, a laminar boundary
layer separates at about 65% semispan, while a turbulent
boundary layer separates more outboard, viz., at about 90%
semispan.? On the present model, secondary separation occurs
at 90-95% semispan, indicating that the boundary layer is tur-
bulent underneath the core.

The conicity of the velocity field will be addressed
subsequently.

Flow Survey at 50% c,

Pressure and velocity components were measured at points
indicated in Figs. 8 and 9. In regions where large gradients
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Fig. 11 Velocity distribution for a y traverse through the vortex axis,
cross-flow plane 50% c,.

could be expected, such as the center of the core and the free
shear layer, denser data point grids were selected. As depicted
in Fig. 7, the contour of the grid at the core center is marked
ABCD. This figure also shows the relative size of the five-hole
probe.

Figure 8 shows the contours of the constant total pressure
coefficient. The centerline of the shear layer, drawn through
the relative minima of the total pressure distribution, could be
traced over about a three-quarter turn. At the center of the
vortex, the total pressure losses are largest due to accumulated
viscous losses. The total pressure coefficient has an absolute
minimum value of — 3.8 at the vortex axis.

The distribution of the velocity vectors is shown in Fig. 9.
Note that since the traversing plane is oblique with respect to
the vortex axis, the velocity distributions appear slightly
nonaxisymmetric. The velocity vectors in the traversing plane
(Fig. 9a) clearly show the direction of rotation of the vortex
flow. The magnitude of the velocity vector that is parallel to
the tunnel axis increases toward the center of the vortex (Fig.
9b). In this region, values were recorded of up to three times
the freestream velocity.

Conicity of Velocity Field

The conicity of the velocity field, one of assumptions
underlying the solution of Stewartson and Hall,® was in-
vestigated by comparing the velocity components inside grid
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ABCD in the three traversing planes. Data points in the three
planes having identical y,/s and z,/s coordinates were
situated on one and the same ray through the apex. The in-
vestigation showed that from 50 to 70% c,, the changes of the
velocity components are small and of the same order as the
estimated accuracy of the measurements. Therefore, it is con-
cluded that, for the present case, the assumption of a conical
velocity field is valid indeed. There is one exception; along the
vortex axis a slight increase in axial velocity is recorded. This
was also noted in Refs. 1 and 2.

Axial Vorticity Distribution

In order to obtain an insight into the axial vorticity distribu-
tion at the vortex center (region ABCD), the velocity distribu-
tion was determined in the cross-flow plane of 50% c,. This
plane is perpendicular to the vortex axis and passes through
X,, =50% ¢, on the root chord. The velocity components at
points of the cross-flow plane were calculated from the cor-
responding points in the three traversing planes by a quadratic
interpolation along rays through the apex. In order to obtain a
realistic nonlinear velocity distribution, each element was sub-
divided into 16 smaller ones. Starting from the velocity com-
ponents of the original elements, those of the smaller ones
were calculated by quadratic interpolation. For each small ele-
ment, the circulation [, was calculated by integrating the
cross-flow velocity along the edge of the element. The circula-
tion was assigned to the centroid of the element. The vorticity
in an element is related to the circulation following the Stokes’
theorem:

Hw'ndAel = jvt -ds =Fel

The local axial vorticity component is then obtained with
Wy = I16:1 /Ael

The three-dimensional axial vorticity distribution inside
ABCD is shown in Fig. 10a. It is characterized by a peak of
high vorticity near the vortex axis. This is also evident from
Fig. 10b, which depicts the distribution for a y and z traverse
through the vortex axis plotted vs dimensionless radial
distance r/x. The sign of the latter has been taken positive in
the direction of either the positive y axis or positive z axis.

Velocity Distribution Rotational Core

Figure 11 shows the measured distribution of the cir-
cumferential and axial velocity in the cross-flow plane of 50%
¢, for a y traverse through the vortex axis. The distributions
are plotted vs radial distance r, which, in view of the conicity
of the vortex flow, has been made dimensionless with the
distance from the apex x. The gradients at Ir/x| >0.05 are
caused by the free shear layer. The rotational core is a region
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of continuously distributed rotational flow inside which no
shear layer can be detected. For the present case, the radius
r/x of the rotational core has been chosen to be 0.05 (= 20% s).

The subcore, defined as the region between the maximum
values of the circumferential velocity, has a radius r/x of
about 0.007 (=3% s). In addition to the y traverse, a z
traverse was made through the vortex axis. Inside the rota-
tional core, the velocity distribution is quite identical to that
presented here for the y traverse, indicating that the flow in-
side the core is axially symmetric.

Figure 11 also gives the theoretical velocity distribution,
which follows from Eq. (1). In this equation, which needs ex-
perimental values to generate the velocity distribution, for a,
U/U,, and V,/U the average values measured at the outer
edge of the rotational core were substituted. It should be
remembered here that the theoretical solution holds only for
the annulus between the subcore and the outer edge of the
rotational core. As can be seen from the figure, inside this an-
nulus there is a good agreement between the theoretical and
experimental velocity distribution. Reference 9 also derives an
inner solution for the rotational core giving the velocity
distribution inside the viscous subcore. Since for the present
investigation only the influence of the core on the outer
(potential) flow is of interest, this solution is not considered
further here.

Distribution of Entrainment and Circulation

From the experimental velocity distribution inside the rota-
tional core, the distribution of the circulation and the entrain-
ment was calculated using Egs. (2) and (10). For this calcula-
tion, the velocity distribution inside the core was assumed to
be axisymmetric. The dimensionless results are presented in
Fig. 12. This figure also presents the theoretical distribution of
the circulation and the entrainment which results from a
velocity distribution as given by Eq. (1). The theoretical
distributions were calculated using Eqgs. (3) and (6), while for
a, U/U,, and V,/U the values were substituted measured at
the edge of the rotational core. As can be noted from the
figure, the theoretical distribution of the entrainment and cir-
culation correlate well with the experimental distributions.
This also means that the expression of Eq. (11) will yield a
valid prediction for the sink strength of the rotational core.

Effect of the Entrainment
on Computed Characteristics

With Eq. (4) substituted into Eq. (11), the sink strength can
be expressed as

0(x) 2[_ T'(x) 2]
———UX'_WH 1+ 1+2{—21rRU} (12)

This yields a relation for the sink strength of the core in terms
of its radius and circulation. Equation (12) has been included
as an additional equation in the higher-order panel method for
the slender-body approximation of the potential flow about
slender configurations with leading-edge vortex sheets
(VORSBA, a further development of the VORCON code of
Ref. 7). The length of the feeding sheet is taken equal to the
radius R of the core, while consistent with the approximations
involved in the computational model the velocity at the edge
of the core U is replaced by the magnitude U, of the
freestream velocity. Figure 13 shows numerical results ob-
tained for the present unit-aspect-ratio wind-tunne! model at
20-deg angle of attack. The thickness of the wing has been
neglected. The geometry of the vortex sheet and the position
of vortex axis are shown in Fig. 13a. The results were obtained
for a sheet length of 1.25 times the local semispan, a sheet
length often used in free-vortex-sheet methods. Inclusion of
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Fig. 13 Computed results of unit-aspect-ratio delta wing, « =20 deg;
conical-flow solution with/without entrainment.

entrainment results in a vortex sheet more circular in ap-
pearance and an outboard displacement of the vortex center.
Figure 13b shows the effect of the entrainment on the com-
puted wing-surface pressure distribution, indicating that the
entrainment increases the suction at the upper wing. This is
also reflected in the normal-force coefficient, which is 1.00 for
the case without and 1.03 for the case with entrainment
included.

Concluding Remarks

Using a small, five-hole probe, the velocity and pressure
distribution of the conical part of a large leading-edge vortex
was measured in detail. From the measured velocity distribu-
tion, the distribution of the axial vorticity component, the cir-
culation, and the entrainment was determined.

The velocity distribution predicted by the Stewartson-Hall
Euler solution for an isolated axisymmetric conical vortex
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core, and the resulting circulation and entrainment correlate
well with distributions measured in the present investigation.

In the free-vortex-sheet potential-flow model, the effect of
the entrainment can be simulated by a sink distribution along
the vortex axis. For the limiting case of conical flow, the effect
of including the entrainment is demonstrated using a higher-
order panel method.

The present investigation has been carried out for one flow
condition and in the conical part of the vortex flow only. Since
certainly the incidence and probably to a lesser extent the
Reynolds number are expected to be parameters of the en-
trainment, further investigation is required at other flow con-
ditions and also in the nonconical part of the vortex.

In order to eliminate possible measurement inaccuracies due
to probe/vortex-flow interference effects, laser Doppler veloc-
imeter measurements will be included in future investigations.
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